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Abstract: Dynamic processes in complex networks have received much
attention. This attention reflects the fact that dynamic processes are the main
source of changes in the structural properties of complex networks (e.g.,
clustering coefficient and average shortest-path length). In this paper, we
develop an agent-based model to capture, compare, and explain the
structural changes within a growing social network with respect to
individuals’ social characteristics (e.g., their activities for expanding social
relations beyond their social circles). According to our simulation results,
the probability increases that the network’s average shortest-path length is
between 3 and 4, if most of the dynamic processes are based on random link
formations. That means, in Facebook, the existing average shortest path
length of 4.7 can even shrink to smaller values. Another result is that, if the
node increase is larger than the link increase when the network is formed,
the probability increases that the average shortest-path length is between 4
and 8.

Keywords: Network Properties, Network Growth Models, Small World
Theory, Network Science, Simulation, Clustering Coefficient, Complex
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1. Introduction

Small world theory comprises the idea of being connected to any other person by a
chain of only five people in average [2, 3]. It has created a resurgence of interest in the
field and motivated researchers to experimentally evaluate this theory. Despite
controversies and empirical evidences on the existence of such pattern of connections
[1], the variety in the obtained experimental results somehow should also be
explainable. While the observed average shortest-path lengths in the range of 4 to 8
support the small world theory, it is still hard to draw solid conclusions on why the
values differ.

In his famous experiments, Stanley Milgram was interested in computing the
distance distribution of the acquaintance graph [2, 3]. The main conclusion outlined in
Milgram’s paper is that the average path length of individuals within the network is
smaller than expected. The average path length was set to 6. Despite further empirical
studies on this topic [4, 5, 6], the results obtained in various environments differ widely
from an average path length of six.

In social networks, the nodes and links represent the users and the social relations
among the users, respectively. Assuming that a social network is a product of its
constituents’ interactions, the first question that comes to mind is what kinds of
interactions take place within it and how these interactions can be categorized. The
social distance between a source individual and a destination individual within the
network can be utilized for categorization of their relations. This means that different
degrees of friendships can be observed within the social circle belonging to each person.
For instance, only degree-1 persons, who have either familial bonds or share a similar
social character and personality with the respective person, are observed in the social
distance equal to 1. These relationships can be established almost anytime (i.e., spare
time, working time). In larger social distances such as friend-of-a-friend (FOAF)
relation, the persons become more socially distant, but it is not necessarily concluded
that individuals with similar characteristics cannot be found among them. The user is
merely unaware of their presence. It is interesting to note that the social networking
platforms including Facebook attempt to reduce these social distances as daily social
activities take place online. Once a user specifies its social circle after registering on a
social networking web site, the feature “Recommendation of a friend of a friend”
enables the users to extend their social circles, and to change their social distance from
2 to 1. Although this is by itself very desirable, it is to be noted that such processes
certainly have significant impact on the properties of a social network. According to
this discussion, our hypothesis is: “The interactions among constituents of a network
can be regarded as dynamic processes which lead to changes in the structural
properties of the network.”

There are different social networks in the real world. Regardless of the relationships
among the various constituents of a network, a network property such as degree
distribution can be used to find similarities or differences among networks. Moreover,
formation mechanism, based on these degree distributions, can result in different
growth models. For example, the preferential attachment growth model, introduced by
Barabasi and Albert [9], is capable of generating power law degree distributions. In this
model, new nodes are more willing to link to high-degree nodes during the growth of a
network. The high-degree nodes can be imagined as nodes with better social skills



compared to others [17]. The individuals having more activities in a social networking
platform would find more friends or are even more likely to establish relationships with
other people, whereas a huge number of users lack such capabilities. However, some
other types of network formation mechanisms choose the attachment point for new
nodes with the same probability for all nodes. Based on this random linking, a number
of models have been offered in literature since the mid-19th century [10, 11, 12]. These
models are able to create networks with bell shape or Poisson degree distributions.

As the process of network growth does not only depend on the method of new
nodes entrances but also on the establishment of new links between existing nodes
within the network, these interactions could definitely play a substantial role in the
formation of networks as well. Based on this, our hypothesis can be extended to:
“Dynamic processes can be categorized into two groups: (1) The process that occurs
during the growth of a network and represents the tendency of new users to establish
links to other members upon entry into a network; (2) The process that occurs among
users of a network in order to establish potential links.”

Undoubtedly, adoption of a random network formation model for a growing social
network is not an obvious practice. However, the significance of such random patterns
can easily be justified. Although, as a member of a social network, we attempt to
establish relationships with individuals of similar social character, we also realize that
our social circle can easily be made more valuable through getting familiar with
strangers. For example, an academic professional might meet a broad range of new
people, with whom s/he shares similar characteristics, when attending conferences,
presenting papers, and giving seminars. These random acquaintances have a positive
influence on the performance of academics. If it is agreed here upon the existence of
such random patterns, the question raises about the level of influence on the structural
properties of a network. Our hypothesis can be extended to: “The process which occur
among existing users of a network in order to establish links is also divided into two
categories: (a) The first category includes the establishment of potential links of FOAF
type; (b) The second category includes the establishment of random potential links with
other users, who are present in a network.”

As this article engages with the idea that the human behavior (i.e., dynamic
processes) is the key to formulate a network growth model, our major research question
in this paper is how the level of influence of these dynamic processes impacts the
structural properties of a network. With respect to our contribution, we propose a
generative network growth model for analyzing the influence of the dynamic processes
(i.e., the establishment of FOAF links and random links for existing nodes, as well as
the establishment of random links for new nodes) on the structural properties of a
network.

Based on our simulation analysis, these dynamic processes play a significant role in
the formation of networks. The structural network properties of a network change. In
particular, we analyzed the evolution of two structural properties of a network, namely
the clustering coefficient and the average shortest-path length. The clustering
coefficient is a fundamental measure in social network analysis, assessing the degree,
to which nodes tend to cluster together, while the average shortest-path length provides
a measure of how close individuals within the network are.



One of the main essential implications of the result derived from our simulations is
the explanation for the different values of the average shortest path lengths that have
been reported in empirical studies [4, 5, 6].

The remainder of this paper is organized as follows. In section 2, we discuss the
theoretical background on the topic. In section 3, we detail our network formation
model and its parameters. Simulation results and a discussion are presented in section 4.
Finally, we present our conclusion and discuss the future work in section 5.

2. Theoretical Background

Our research work is based on literature on small world network topologies and
network formation models.

2.1. Small World Network Topology

In the literature on network topology, we find different networks with their specific
patterns of connections. Examples of these network topologies are random, regular,
preferential attachment, and small-world networks. Despite the empirical studies of
small world networks, the results obtained in various environments differ [4, 5, 6]. The
following paragraphs are a summary of studies that tried to replicate Milgram's results
with respect to small world networks.

Dodds et al. performed a global social search experiment to replicate the small-
world experiment of Milgram and showed that social searches could reach their targets
in a median of five to seven steps [5]. They classified different types of relationships
and observed their frequencies and strength. The result of their analysis showed that
senders preferred to take advantage of friendships rather than family or business ties. It
was also indicated that the origin of relationships mainly appear to be family, work, and
school affiliation. The strengths of the relationships were fairly high. Therefore, we can
say that the most useful category of social ties were medium-strength friendships that
originated in social environments.

Backstrom et al. repeated Milgram’s experiment by using the entire Facebook
network and reported the observed average shortest path length of 4.74, corresponding
to 3.74 intermediaries or “degrees of separation” [4]. The study indicates the fact that
various externalities such as geography have the potential to change the degree of
locality among the individuals and, finally, increase or decrease the average shortest-
path length.

Ugander et al. studied the anatomy of the Facebook social graph and computed
several features [6]. Their main observations are that the degrees of separation between
any two Facebook users are smaller than the commonly cited six degrees, and, even
more, it has been shrinking over time. They also found that the graph of the
neighborhood of users has a dense structure. Furthermore, they identified a globally
modular community structure that is driven by nationality.

With our network formation model, we aim at providing an explanation for the
differences found in the empirical studies. Our network formation model is capable to
highlight the different processes that contribute to changes in the overall outcome.



2.2. Network Formation Models

There are two branches of literature that are related to network formation models. The
first branch focuses on strategic network formation models, which are beyond the scope
of this paper [13, 14, 15, 16]. The second one represents growth models of networks
and is presented in this section.

From the view point of network growth, which is also our primary focus, several
models have been proposed to produce predetermined structural properties. Proposals
on network formation models have mainly been based on social networking service
(SNS) networks with power law degree distributions. Examples of such SNS networks
are Cyworld, Myspace, LiveJournal, and Facebook. In fact, based on observed features
of the structures of these networks, different network formation models have been
presented, accounting for those features.

Ishida et al. focused on modeling social network service networks, which can be
characterized by three features, namely, preferential attachment, friends-of-a-friend
(FOAF), and influence of special interest groups [17]. They borrowed the idea of
preferential attachment from the fitness model [18]. That is to say, nodes have various
capabilities to make links and communicate with others. The resulting network follows
a power law degree distribution. The idea of friends of a friend is captured from the
connecting-nearest-neighbor (CNN) model [20, 21]. In that model, a network grows
based on the establishment of new links with friends of friends. In the same way, a
random link formation strategy was adopted to model the establishment of links beyond
the range of individuals’ neighborhoods. It can be imagined to be equal to receiving
benefits due to positive externalities from communication with individuals in other
groups.

Consequently, it is reasonable to assume that the variability in individual patterns of
behavior in social environments is the base for a model of network formation. However,
the extent, to which such behaviors affect the network‘s structural properties, is still
unclear and has not been discussed in literature. This is the significant difference to our
research.

3. Simulation Model
3.1. Simulation Environment and Parameters

The experimental setting for our model is as follows: We conduct a multi-agent-based
simulation in Netlogo [22], in order to verify our hypotheses. In our model, an agent
represents an individual or a decision maker who is capable of joining the network and
establishing links with others. The simulated network formation model is a generative
model that is based on the ideas laid out in the introduction section. This model
represents a growing network, in which new members follow the classical preferential
attachment or the random growth model (uniform probability of attachment for all
nodes) for connecting to other users. The probability of a new node joining the network
is denoted as Pgvm. Furthermore, existing users in this model have the ability to create
new links. For this purpose, two parameters (i.e., Proar and Pgran) are used,
representing the rate of establishment of links of FOAF type, and the rate of
establishment of links of random type, respectively.



The value of Pran is assumed to be equal to 1- Proar. Thus, if the value of the Proar
parameter equals 1, no random link formation process exists in the generative model.
These parameters have values in the range from 0 to 1 and represent the probability for
formation of potential links. If Proar = 0.5, it signifies that the probability of random
link formation or conversion of a link with social distance of 2 to a link with social
distance of 1 is 50%. Such network modeling enables us to simulate and profoundly
comprehend the dynamic transformations of a network and its effects on its structural
properties.

The values of Py, which are set for the analysis, are 25%, 50%, or 75%. They are
used either for representing the preferential attachment growth model or the uniform
probability attachment growth model.

3.2. Structural Properties

In this paper, the structural properties used are the clustering coefficient (CC) and the
average shortest path length (AVL) of a network.

The shortest path length is defined as the shortest distance between a node pair in a
network [19]. Therefore, the average shortest-path length (AVL) is defined according
to the following equation:

1
AVL = 1—2 L )
NV -1%

where N is the number of nodes, and l;; is the shortest-path length between node 1 and
node j.

The clustering coefficient of a node 1, C;, is given by the ratio of existing links
between its neighbors to the maximum number of such connections [19]. Thus, the
clustering coefficient, C;, is defined according to the following equation:

2E,

G =t - D

(2)
where E; is the number of links between node i’s neighbors, and k; is the degree of node
1 (i.e., the number of links connected to node i). Averaging C; over all nodes of a
network yields the clustering coefficient of the network (CC). It provides a measure of
how well the neighbors of nodes are locally interconnected.

3.3. Simulation Environment

The graphical user interface of our simulation environment consists of a two-
dimensional field that allows to set parameter values (e.g., simulation time, Pgm, Proar,
network growth model), visualize the formation of the network, and to calculate the
structural properties of the network (i.e., AVL and CC) formed over the simulation
time.



4. Simulation Results
4.1. Scenarios

The properties of the networks derived from our network growth model are computed
over 10 suits of experiments and the average results are plotted on the diagrams shown
in Figure 1 and Figure 2. The model was tested with thirty configurations and the
results of the model were compared with each other. Figure 1 A-F show the results
based on the preferential attachment growth model (Pgm = 25%, 50%, and 75%).
Figure 2 A-F illustrate the results based on the uniform probability growth model (Pgm
=25%, 50%, and 75%).

The x-axes of Figure 1 and Figure 2 show the simulation periods, while the y-axes
represent the CC values and the AVL values obtained with both network formation
strategies, respectively.

By comparing the successive series of results shown in Figure 1 A-F, the CC values
decrease and the AVL values increase with an increase in Pgym values. Furthermore, in
the early stage of the simulation, the networks’ clustering coefficients and average
shortest path lengths have a significantly large variability in their values. However, as
time goes by, the curves get much steadier.

Figure 2 A-F demonstrate a trend that is analogous to the one shown in Figure 1,
though the CC values and AVL values are different from those in Figure 1. The
difference in the results reflects the influence of the different network growth models
(i.e., the preferential attachment strategy (Figure 1) and the uniform distribution
attachment strategy (Figure 2)) on the structural properties. It can clearly be observed
that the networks derived from the preferential attachment growth model always have
smaller AVL and larger CC values than the networks derived from the uniform
distribution attachment strategy. The ranges of the CC values and the AVL values of
the preferential attachment growth model are [0.41, 0.58] and [3.1, 6], respectively. The
ranges of the CC values and the AVL values derived from the uniform distribution
attachment strategy are [0.28, 0.55] and [3.8, 7.9], respectively.

Furthermore, as our objective is also to investigate the influence of the social circle
through the establishment of FOAF-type links and random-type links in addition to the
influence of the preferential attachment and uniform distribution network growth
models, we also assign the values 0.25, 0.5, 0.75 and 1 to the parameter Proar (As
mentioned, the parameter Pran is the complement of Proar (Pran = 1 — Proar)).

Figure 1 A-C and Figure 2 A-C show that the CC values consistently decline with a
decrease of the value of FOAF-type links (i.e., with an increase of the value of random-
type links) regardless of the Pgyv value. Furthermore, the analysis of the simultaneous
impact of the network growth model and the FOAF-type links suggest that the CC
value reaches its minimum with a maximum value of the growth model and a minimum
in the influence of FOAF-type links (Figure 1 C and Figure 2 C). Additionally, the CC
values increase with the reduction in the influence of the growth model (Figure 1 A-B
and Figure 2 A-B). It must also be noted that CC values reach their maximum in early
simulation stages due to a small number of nodes in the network (i.e., small network
size).

Although the trend of the influence of the network growth model and the parameter
Proar on AVL is similar, it seems that the influence is more intricate than in the case of



CC. Although the AVL values decreases as a result of reducing the influence of FOAF-
type links at constant influence rate of the network growth model in Figure 2 D and
Figure 2 F, the remaining figures show some derivations from that behavior.

4.2. Discussion

Nowadays, no matter where we are in the world, social networking platforms are able
to shrink our world. They make the world a smaller place by bringing people together.
They form an important part of online activities and networking. The processes that are
at work here are the bases for our research question in this paper. In particular, we ask
how the rate of influence of these dynamic processes impacts the structural properties
of a network (i.e., the clustering coefficient and the average shortest path length).

Despite the existence of some empirical studies on the topic, the variety of results
of these studies led us to investigate how human behavior contributes to the formation
of a social network. We utilized theories of sociology on human relations in a society to
maneuver over the problem at hand. We base our work on the assumption that the
extent of value change of the clustering coefficient and the average shortest-path length
is the result of the variability in individual patterns of behavior in social environments.

Those patterns of behavior are related to situation-specific differences. For example,
some people are particularly sociable. They can easily handle interpersonal
relationships that come from random contacts (random-type links) and are able to
extend their relationship boundaries. Other people need to be introduced via their
friends (FOAF-type links). The extent, to which such behaviors affect the structural
properties of networks, is still unclear and has not been discussed in literature until now.

Reported results of our simulation model are in line with the result of empirical
studies and show the fact that the variety in the obtained results can be caused by
different types and different levels of dynamic processes among the constituents of a
network.

Our obtained results also indicate that, in social networking platforms such as
Facebook, the average shortest path length (which is 4.7) can even be shrunk to smaller
values if users show more patterns of random link formations. Therefore, we can expect
that our world is getting smaller and smaller. Our results may also justify the result of
the “communication project” mentioned in Stanley Milgram’s papers, which was
discussed in [1] and showed an average shortest path length of eight. If the individuals
recruited for the project were not well-connected through random links to other people,
the average number of individuals between source users and target users could increase.

Finally, our results confirm two points with respect to the effect of network growth
models on AVL: First, networks derived from a preferential attachment growth model
always have a smaller AVL than networks based on a uniform distribution growth
model. Second, if the rate of network growth increases to larger values, the probability
increases that the network’s average shortest-path length lies between 4 and 8. That
scenario could happen when the rate of network growth is more than the rate of
establishment of potential links among the existing users of the network. These results
also contribute to explaining the differences found in empirical studies. Experiments
performed at different times, depending on the ongoing dynamic processes with
different rates, will have different network properties.
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average shortest path length, AVL, with respect to the uniform distribution node attachment strategy are shown in (D), (E), and (F).



5. Conclusions

This paper presents a comprehensive network formation model for analyzing the
influence of the establishment of FOAF-type links and random-type links on structural
properties (i.e., clustering coefficient and average shortest-path link) of networks. Our
network formation model works based on the idea that human behavior is the key to
formulate a network formation model.

Since social phenomena are complex, we followed an agent-based simulation
approach, in order to depict a complex structure emerging from the interaction of many
simple parts over time. Our model is able to capture and explain the structural network
changes within a growing social network due to certain social characteristics of
individuals.

We conducted numerical simulations to calculate and compare networks’ clustering
coefficient values and average shortest-path length values. Our network formation
model was tested with thirty different parameter configurations and the results were
compared with one another. The result of the comparison showed that different rates of
variability in individual patterns of behavior in social environments lead to changes in
the structural properties of networks.

As clearly observed, the comparisons confirm that networks derived from
preferential attachment growth models always have smaller average shortest-path
length values and larger clustering coefficient values compared to those of uniform
distribution growth models. The comparisons also showed that there is an increase in
the probability that a network’s average shortest-path length lies between 3 and 4, if
most of the dynamic processes within the network are the result of a random-type link
formation. This result indicates that, in social networking platforms such as Facebook,
the average shortest path length (4.7) can even shrunk to smaller values if users show
behavior patterns of random-type link formation. However, bringing people closer
together can only be achieved through the development of more innovative ideas and
techniques in social networking platforms. Finally, another observation is that, if the
rate of network growth increases to values of more than 50%, the probability increases
that the network’s average shortest-path length value is between 4 and 8. It means that,
if most of the dynamic processes during the formation of a network are related to its
growth, we can expect larger average shortest-path length among the population.

These results of our research provide an explanation for the differences in the
average shortest-path lengths found in earlier empirical studies. These studies did not
take into consideration the individual pattern of behavior, when they conducted their
research. We also tested the effect of placing limitations on the size of personal
networks on the structural properties of complex networks in one of our previous works
[7]. Therefore, new empirical studies can now be conducted that consider these new
results of our research.

As an extension to the current work, similar to [8], we are interested to investigate
how network’s characteristics positively or negatively affect individuals (e.g., how
certain network features make contribution to user utility) that are located in the
network. As another future extension of this study, we are also interested to investigate
the effect of node’s removal or deactivation on the obtained results.
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